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The negative-parity ground state of the A baryon lies surprisingly low in mass. At 1405.1 MeV, it lies 
lower than the negative-parity ground state nucleon, even though it has a valence strange quark. Using 
the PACS-CS {2+ 1) -flavour full-QCD ensembles available through the ILDG, we employ a variational 
analysis using source and sink smearing to isolate this elusive state. We find three low-lying odd-parity 
states, and for the first time reproduce the correct level ordering with respect to the nearby scattering 
thresholds. 
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The = 1/2^ ground-state resonance of the A ba- 
ryon, A(1405), lies anomalously low in mass. At 
1405.1+} MeV [1], it not only lies lower than the first 
positive -parity excited state, but also lower than the 
negative-parity ground state of the nucleon - even though 
it has a strange valence quark. Lattice QCD is the only 
first-principles, non-perturbative method for investigating 
low-energy QCD. However, no Lattice QCD study to date 
has successfully identified the mass suppression associ- 
ated with the A(1405) [2-4]. For example, recent work 
by Takahashi and Oka [4] identified two nearly degenerate 
states at around 1 .6 GeV. 

The CSSM Lattice Collaboration has recently developed 
an effective technique for investigating the low-lying 
nucleon spectrum, using local operators that have been 
smeared with gauge-invariant Gaussian smearing at both 
the source and sink, together with a variational analysis 
[5, 6]. We use the same techniques to investigate the 
negative-parity, spin- 1 /2 spectrum of the A, and report the 
identification of low-lying states associated with the phys- 
ical states of Nature. For the first time, we identify states 
low enough to be associated with the A(1405). 

The variational analysis takes advantage of the extra in- 
formation found by calculating cross-correlation functions 
for different operators at the source and sink to isolate in- 
dividual states [7, 8]. Such an analysis is necessary as 
the lowest three 7^ = l/2~ states of the A all lie within a 
400 MeV range, at 1405.1 MeV, 1670 MeV, and 1800 MeV 
[1]. Because SU(3) flavour symmetry is broken by the 
heavier strange quark mass, all three of these states will 
survive until the signal is buried in noise. Hence the long- 
time approximation usually used to extract ground-states 
will only be able to resolve a mixture of these low-lying 
states [9]. 

In comparison to the Roper resonance, where significant 
finite-size effects develop through avoided level crossings 
between the baryon and the multi-particle scattering states, 
the odd-parity A(1405) is relatively independent of the box 
size. The lowest multi-particle scattering states, ttZ and 
KN, lie, respectively, below and above the A(1405), and 
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Figure 1 . (colour online) Energy spectrum of the / = 0, 5 = — 1, 
= 1/2^ meson-baryon sector obtained from the KN Jiilich 
model of hadron exchange [10], showing small finite-size effects 
for the A(1405). Adapted from [10]. 

do not cross for the lattice volumes depicted in Figure 1. 
As such, finite-size effects are benign in this analysis. 

Consider a set of A' operators ;f,(x,f). Using these, 
we can construct the N x N correlation matrix of cross- 
correlation functions 

.±/„ .^ _ ^e-'P-trlFi (il|x,-(x,OZ;(0,0)|il)), (1) 



where the trace is taken over the (implicit) spinor indices 
and r± are the parity projection operators used to project 
into definite positive- or negative -parity. Working at zero- 
momentum, r± := (70 ± l)/2, and 

G±(0,f) = ^tr(r± {Q\Xi{x,t)Xj{0,0)m 



(2) 



Here, a enumerates the energy eigenstates of parity ± with 
mass m+, and and are the couplings of the oper- 
ators Xi and Xj to these eigenstates. 

With the t dependence only in the exponential terms, we 
look for a linear combination of operators 0" = J^, vfXi ^^id 
<p" = HiUfXi such that 
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for sufficiently large to and At. Rearranging this, we con- 
struct left- and right-eigensystems for the matrix {to + 

Af)G±(fo)-': 
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(4) 



Moreover, the eigenvectors u" and v" diagonalise the cor- 
relation matrix at times to and to+At, and allow us to con- 
struct the eigenstate projected correlation functions 



vfGfAt)u'f. 



(5) 



We then analyse these parity and eigenstate projected 
correlation functions using standard effective mass tech- 
niques, 
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More details can be found in [5, 11]. 

Given that the A baryon lies in the centre of approxim- 
ate SU(3)-flavour, there are a variety of operators that will 
couple to it, corresponding not only to the usual various 
Dirac structures, but also to the different possible flavour- 
symmetry structures. To initially investigate the spectrum, 
we use the so-called "common" operators Xii^) Xii^) 
[12], which are constructed using the terms common to 
both the octet and singlet operators. X\{^) has a Dirac 
structure of {q^Cj5q)q, while X2i^) has {q^Cq)jsq. These 
isospin-0 interpolators make no assumptions about the fla- 
vour symmetry, and couple to all states of the A baryon. 
We will also consider the analogous flavour-octet and - 
singlet interpolators [12]. Similar to the investigation of 
the nucleon spectrum, we employ gauge-invariant Gaus- 
sian smearing [13] at both the source and sink to create our 
operator basis. We consider 16, 35, 100, and 200 sweeps 
of smearing. 

We use the PACS-CS (2 + l)-fiavour full-QCD en- 
sembles [14], available through the ILDG [15]. They 
are 32^ x 64 lattices with j8 = 1.90, giving a lat- 
tice spacing of 0.0907(13) fm. There are 5 light 
quark masses available, with hopping parameters Jfu^ = 
0.13700,0.13727,0.13754,0.13770, and 0.13781, corres- 
ponding to pion masses ranging from 702 MeV down to 
156MeV. The strange quark mass is the same for all 
light quark masses, with hopping parameter = 0.13640. 
However, this is slightly too high to reproduce the phys- 
ical kaon mass. Plotting the kaon mass data provided in 
[14] against (Fig. 2) and extrapolating to the physical 
limit, we see that the kaon lies approximately 60 MeV too 
high. We calculate the required to reproduce a physical- 
mass kaon using two methods: first, by requiring the cor- 
rect mass for the ss pseudoscalar meson, and second, by 
requiring the correct kaon mass at the lightest available 
light quark mass through the Gell-Mann-Oakes-Renner 
relation. Both methods produce almost identical hopping 
parameters, and so we average to obtain Ks = 0.13694. We 
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Figure 2. (colour online) The kaon mass plotted against m| in 
lattice units on the PACS-CS ensembles, as quoted in [14]. Ex- 
trapolating to the physical limit using rri^ = oc + ^m\, the kaon 
is approximately 60 MeV higher than the physical kaon. 
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Figure 3. (colour online) Comparison of the mass as extracted 
from the eigenvalues (left) and from fitting the projected effective 
mass (right) with k^^a = 0.1 3770 for ?o e { 1 7 , . . . , 2 1 } and A? e 
{1, . . . ,5}. Numbers of the abscissa indicate to with Af increasing 
within each fo- Complex eigenvalues are not displayed. 

first perform our variational analysis using the dynamical 
jfs and then again after partially quenching the strange- 
quark sector by shifting the strange valence = 0.13640 
to JCs =0.13694. 

We begin our analysis of the negative-parity A by in- 
vestigating the dependence of the spectrum on variational 
parameters to and At, and operators included in the correl- 
ation matrix. The masses extracted from both the eigen- 
values and from fitting the projected effective masses are 
examined. We consider the ensemble with )Cu,d = 0.13727, 
and select the dimension-6 operator basis comprised of X\ 
and X2 together with 16, 100, and 200 sweeps of smearing 
to determine the optimal variational parameters (Fig. 3). 
While the eigenvalues show a significant dependence on 
the variational parameters, the fitted projected effective 
masses are stable and show little parameter dependence for 
sufficiently large to and At. We select fo = 18 and Af = 2 
(with the source located at f = 16) as representative. 

Using these parameters, we investigate the dependence 
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Figure 4. (colour online) Comparison of the lowest-lying masses 
extracted from fitting the projected effective mass for (Cu d = 
0.13727 over bases formed from combinations of either or both 
"common" operators Xi and X2 and all smearing levels. 

on the operator basis in Figure 4. We find that we require 
both X\ and X2 to resolve the lowest states; otherwise only 
a mixed state is extracted. We cannot resolve the three 
low-lying states that are present in the physical spectrum 
with any combination of these operators. For combinations 
which contain sufficiently large amounts of smearing, there 
is little to separate them, so we proceed with the basis with 
Xi and X2 along with 16, 100, and 200 sweeps of smearing. 

Now that we have identified the optimal variational para- 
meters and operator basis, we repeat the analysis for the 
remaining quark masses. By plotting the fits to the lowest- 
lying projected effective masses against m| in Figure 5, 
we can see that our results do trend towards the physical 
values. However, the lowest-lying state sits too high to ap- 
proach the A(1405) in the physical limit, especially since 
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Figure 5. (colour online) The lowest-lying eigenstate-projected 
masses plotted against m|, along with TiL and KN multi-particle 
scattering thresholds. A correlated error analysis indicates the 
lowest-lying odd-parity state lies more than one standard devi- 
ation below the KN scattering threshold at the lightest quark 
mass. The ordering of the states is in accordance with Nature. 

finite-size effects are expected to be negligible. As the 
heavy strange quark interferes with a direct comparison 
with the physical values, we consider the multi-particle 
scattering thresholds for the nlL and KN states (plotted on 
the same figure). Our lowest-lying odd-parity state lies 
between the scattering thresholds as in Nature. This in- 
dicates we have isolated the A(1405). 

Using the same variational parameters and operator 
basis as above, we repeat our analysis using the partially 
quenched strange quark for the lightest two quark masses. 
This gives us insight into the dependence of each state 
on the strange quark mass, and allows us to determine if 
our lowest extracted state approaches the 1405 MeV in the 
physical limit. This data is plotted in Figure 6. As expec- 
ted, all states have decreased in energy, and now an extra- 
polation of the trend to the physical limit reproduces the 
physical value. 

Up to this point, we have used the "common" operat- 
ors, which make no assumptions about the SU(3)-flavour- 
symmetry properties. While we have identified two of the 
three low-lying states, we are unable to resolve all three. 
Thus, we extend our analysis to include the conventional, 
purely octet {j^ and x^ and purely singlet (;f') operat- 
ors [12] to isolate all three states. Results are presented 
from the dimension-9 basis formed from ;f xX^ and at 
16, 100, and 200 sweeps of smearing in Figure 7. Com- 
paring the masses obtained from using just the "common" 
interpolators, we find that the lowest two states remain con- 
stant within errors (indicating they are unmixed energy ei- 
genstates), while a third state appears corresponding to the 
third state in the physical limit. The lowest state is predom- 
inately flavour-singlet while the next two states are pre- 
dominately octet, dominated by and ;f f for the second 
and third states, respectively. All results are summarised in 
Tables I and 11. 
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This is the first investigation of the low -lying 7^ = 1 /2~ 
spectrum of the A baryon at near-physical pion masses, and 
the first to demonstrate the isolation of the elusive A(1405). 
Importantly, we have identified a low-lying A(1405) us- 
ing conventional three-quark operators, and the techniques 
demonstrated here can be used further to investigate other 
properties of this unusual state. 
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cility in Canberra, Australia, which is supported by the 
Australian Commonwealth Government. We also acknow- 
ledge eResearch S A for generous grants of supercomputing 
time. This research is supported by the Australian Research 
Council. 
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Figure 6. (colour online) The lowest-lying eigenstate-projected 
masses after partial quenching of the strange quark to reproduce 
the physical kaon mass. Extrapolation of the trend for the lowest- 
lying state to the physical limit reproduces the physical value for 
the A( 1405). 



Table I. Fits to projected effective masses from x'^ interpolators 
before (top) and after (bottom) partial quenching of the strange 
quark. Values are in GeV. 
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m2 


0.6233(7) 
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1.917(23) 
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0.5148(7) 


0.13640 
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1.895(24) 
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1.534(26) 


1.643(54) 


0.2839(12) 


0.13694 


1.583(38) 


1.662(60) 


0.1745(22) 


0.13694 


1.454(27) 


1.545(47) 


Table II. Fits to projected effective masses from flavour-octet and 


-singlet interpolators after partial quenching of the strange quark 


to (Cs =0.13694. 


Values are in GeV. 
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0.2839(12) 


1.563(38) 
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1.795(27) 
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Figure 7. (colour online) The lowest-lying eigenstate-projected 
masses (partially quenched) using SU(3)-flavour-symmetry- 
specific operators ^ ^nd X2 plotted against Using these 
operators allows us to isolate three low-lying states. 
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